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THE MONTE CARLO COMPLEXITY
OF FREDHOLM INTEGRAL EQUATIONS

STEFAN HEINRICH AND PETER MATHE

ABSTRACT. A complexity study of Monte Carlo methods for Fredholm integral
equations is carried out. We analyze the problem of computing a functional
u(y), where y is the solution of a Fredholm integral equation

yo)= [k yde+ s, selm,

on the m-dimensional unit cube I™ , where the kernel k£ and right-hand side
f are given r times differentiable functions. We permit stochastic numerical
methods which can make use of function evaluations of k and f only.

All Monte Carlo methods known to the authors for solving the above prob-
lem are of the order n—!/2  while the optimal deterministic methods yield rate
n=r/(2m) thus taking into account the given smoothness of the data. Here, n
denotes the (average) number of function evaluations performed. The optimal
algorithm we present combines deterministic and stochastic methods in an op-
timal way. It can be seen that both rates—the standard Monte Carlo rate for
general continuous data and the deterministic rate for r-smooth data—multiply.
This provides the smallest error that stochastic methods of given computational
cost can achieve.

1. INTRODUCTION

The paper is concerned with the efficiency of Monte Carlo methods for the
approximate solution of integral equations. We consider Fredholm integral
equations of the second kind on the m-dimensional unit cube, i.e.,

(1) yis)= [ k(s,ty(de+ f(s), sel”,

Im
where I = [0, 1]™. Here, k and f are given continuous functions on I xI™
and I™, respectively.

Monte Carlo methods are usually applied to find functionals of solutions. To
this end, fix a functional 4 € C(/™)" which is a Radon measure on I™. Let
us denote the duality between C(I™) and C(I™)" by ( , ). The problem we
study can now be formulated as follows: Given k and f as above, compute
(v, u), where y is the (unique) solution of (1). Of special interest is the case
u = Js, , that is, we seek the value of y at so, sp € I fixed. Other cases of
interest are u being the integral, weighted integral, etc.
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We analyze the global behavior of Monte Carlo methods on classes of smooth
data, more precisely, on sets of r times continuously differentiable kernels and
right-hand sides. We determine the smallest possible error for stochastic meth-
ods of given computational cost. To obtain lower bounds, one has to formalize
the notion of a Monte Carlo algorithm, which is done in the framework of
information-based complexity theory [20]. The upper bounds are established
by providing and analyzing a concrete algorithm.

The efficiency of Monte Carlo methods for integration and function approx-
imation was studied in [3, 15, 16, 20]. Optimality and complexity of determin-
istic methods for Fredholm equations, considered over classes of kernels and
right-hand sides, were analyzed in [6, 17, 18, 19, 11, 12]. There is also a vast
literature on various stochastic methods for Fredholm integral equations (see
[7, 9] and references therein). However, the rigorous mathematical investiga-
tion of the efficiency and complexity aspect of Monte Carlo methods is new, in
particular the determination of optimal rates.

Our results, combined with those of Emelyanov and Ilin [6], also allow a cer-
tain comparison of deterministic and stochastic methods (which can, of course,
only be a rough, heuristic one, owing to the different error criteria used). In
this light the algorithm providing the best rate has some new features. The
usual Monte Carlo methods yield the typical rate of M~!/2 for M trials and
do not react to any smoothness of the data (see [7]). Deterministic methods,
in turn, do so, but yield only a dimension-dependent best rate of A —"/(2m)
(M the number of arithmetic operations performed; see [6]). Our algorithm
keeps both advantages, that is, respects smoothness and adds the Monte Carlo
contribution, in this way giving the optimal rate of M ~"/(?")=1/2 = This is
achieved by suitably combining standard deterministic and stochastic methods.
Thus, the algorithm we present might also be of computational interest.

The paper is organized as follows. In §2 we provide the necessary notions
and formulate the main results. Proofs of the lower and upper bounds are
given in §§3 and 4, respectively. Section 5 contains some discussion of models of
computation, the computational cost of the concrete algorithm, and the relation
to deterministic methods. Basic references for Monte Carlo methods are [7, 9],
and for information-based complexity, [20].

2. THE MAIN RESULT

First we introduce the classes of right-hand sides and kernels we shall con-
sider. Let C"(I™) and C"(I™ x I™) be the spaces of r times continuously
differentiable functions (that means—to avoid ambiguity—the restrictions of
C’-functions defined on some neighborhood of the respective domains).

Let || |lo denote the maximum norm on C(/™) and let || ||, be the norm on
C"(I™) defined by

I/ 1l = max | D?flo,
lal<r

where a = (a;, ..., an) is a multi-index and D? stands for the respective
partial derivative. The corresponding notation applies, of course, to

Cr{I™ x Iy = Cr(I*™).
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Given constants a, f# >0, 0<y < 1,and r € N, we denote
F(a,y)={keC'(I"xI™), |klo<7, and |k||; < o}

and

Fr(B)y={fecam, I/l-<8}.
The symbol Id always denotes the identity operating in C(I™). Let T;: C(I™)
— C(I™) denote the integral operator defined for k € C(I" x I™) and f €
c(am) by

(T f)s) = [ ks, s r.

The requirement |k|lo < y implies ||Tk|lcgm)—cum) < 7. From now on we
suppose r, a, 8, 7 to be fixed. Denote

X=X ,=% a,7)xF"(B).

Let finally x4 € C(I™)" be fixed. Then the solution operator S,: X — R is the
operator which maps the data (k, f) to the solution (y, u) of our problem,
that is,

2) Sulk, £)=(1d=T)'f, ).

Note that the solution operator is nonlinear in k.

As a framework in which to study the numerical approximation of S, we
use the theory of information-based complexity of Traub, Wasilkowski, and
Wozniakowski [20].

Let /#'(X, R") be the class of all standard information operators from X
to R”, that is, the class of mappings of the form

N = (6(51,11)’ 6(52,&)’ cees ‘5(31,!1)’ 631“ s eees as,,),

ie.,

N(k$ f) = (k(S], tl), e k(S[, t[)? f(s1+1)s ey f(sn))a
where 0 </ <n and s;,t; €I™ (i=1,...,n, j=1,...,1). We adopt
the convention that #2(X, R% = {0}, O the zero mapping. The quantity
N(k, f) represents the information about the data (k, /'), which we shall use
in the computational process.

Given N € J]'(X,R"), we denote by ®(N, R) the class of all mappings
¢: N(X) - R. These mappings are called algorithms using information N .
The number ¢(N(k, f)) represents the outcome of the computational process
performed at the respective information.

The class .#"(X, R) is formed by the composition of some information N

and algorithm ¢ :
M X,R)={poN,pedN,R), Nes](X,R")}.
The elements of .#"(X , R) are called (deterministic) methods—they symbolize
the full computational process. Finally,
MH(X,R):=].#"(X,R)
neN

constitutes the class of all methods using standard information of some finite
cardinality. The elements of .# (X, R) are denoted by u«.
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Our definition of a random method follows [20, p. 417] (compare also [15]).
Define the following o-algebra:

F(X,R):=c({uec#(X,R), ulk, f) €A},
(k, f) € X and 4 C R a Borel set).

It follows that for every (k, f) € X the mapping u — u(k, f) is a real random
variable on [.# (X, R), ¥ (X, R)].

Quite generally, we shall call any probability P on [#Z (X, R), # (X, R)]
a Monte Carlo method. This way we have a large abstract class, containing,
in particular, the standard Monte Carlo methods. Furthermore, the cardinality
function card: .Z (X, R) — N is defined by

card(u) =min{n e N, u e #"(X, R)}.

This function is possibly not measurable. Therefore, we define the MC-cardinal-
ity of a Monte Carlo method P via an upper integral

*

MC-card(P) =/ card(u) d P(u)
A (X ,R)

= inf{/ z(u)dP(u), z(u) > card(u)
(X ,R)

forall u and z is ¥ (X, R)-measurable} .

This quantity plays a crucial role, since it is closely tied to the computational
cost of the method (see §5). By £"(X, R) we denote the class of all Monte
Carlo methods with MC-cardinality < n.

The error of a Monte Carlo method P for S, at (k, f) € X is defined by

e (Sus k1), P = [ ISk, 1) - ulk, )] dP(W),
# (X ,R)
and the error over the class X by

e"(Sy, X, P)= sup e"™(S,,(k,f),P).
(k,f)ex

The quantity we are interested in is the smallest error a Monte Carlo method
of given cardinality can achieve:

eyc(S,, X) :=inf{e™(S,, X, P), Pe #"(X,R)}.
The main result of the paper is the following.

Theorem 1. For all r e N, a,8 > 0, and 0 < y < 1 there are constants
0 <c¢ < C <oo such that we have for X = X[, , ,

(3) cn~"/@m=1/2 < sup em°(S,, X) < Cn~"/2m=1/2 neN.
llell<1
In particular, we get a general lower bound for all Monte Carlo methods
using (on the average) not more than »n values of the kernel and right-hand
side. Since our estimate is sharp up to a constant factor, it also says that there
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is an abstract Monte Carlo method achieving this order of error. One may ask
whether there are concrete, practicable algorithms with this property. This is
indeed the case. Our proof of the upper bound consists in the description and
analysis of such a Monte Carlo method. Theorem 1 also provides the basis
of the complexity analysis. Let MC-comp(S,, X, ¢) denote the complexity
of solving the problem S, on X with error at most ¢ (see §5 for a detailed
discussion). Then we have

Corollary 1. For all r e N, o, > 0, and 0 < y < 1 there are constants
0<c<C<oo and ey >0 such that we have for X = Xo sy

1 2m/(r+m)
c (_> < sup MC-comp(S,, X, ¢€)
€ llell<1

1 2m/(r+m)
<C (E) , O<e<eg.

(4)

For a comparison, the corresponding deterministic counterpart of Theorem
1 is of interest, which follows from the results of Emelyanov and Ilin [6] (see
§5 for more details). The deterministic rate is n~'/(2™ (and the corresponding
complexity is (1)2™/7). So the optimal Monte Carlo rate is indeed the standard
Monte Carlo rate n~!/2, improved by the rate of the optimal deterministic
approximation, showing how to combine randomization and approximation in
the most efficient way.

3. THE LOWER BOUND

The proof of the lower bound in (3) of Theorem 1 is based on a technique
developed by Bakhvalov [3].
Let v be any discrete probability measure on X . Denote by

en(Su, X, 1/)=inf{/X|Sﬂ(k,f)—u(k,f)|d1/(k,f), ue/%”(X,R)}

the error usually called the average-case error with respect to the measure v .
Since v is discrete, no measurability problems occur.

Lemma 1. For each n € N we have

ey (Sy, X) > %e2n(Sﬂa X,v).

Proof (compare [15, Lemma 2(ii)]). Let P be any Monte Carlo method with
MC-cardinality MC-card(P) < n. Given 0 <e < 1,let z: #Z(X,R) — R be
a measurable function such that z(u) > card(u), u € #(X, R), and

(5) / 2W) dPw) < (1 +&)n.
A (X,R)

Denote Z?" = {u € #(X,R), z(u) < 2n}. Then Z>* c #?"(X,R) and
Z?" is measurable. Using Chebyshev’s inequality, we can conclude from (5)
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that P(Z2") > (1 —¢)/2. Moreover, using Fubini’s theorem, we obtain

sup / 1Su(k, £) - u(k, )| dP(w)
(k,f)GX A (X,R)

> sup / 1Su(k, f) = utk, £)|dP(w)
(k,f)ex Jz2n

// 1S,k £) = ulk, £)|dP@)dvik, f)
x Jzm

= [, 1Sk, )= utie, )ldvii, 1)aPw)

2P(22”)~inf{/XlSﬂ(k,f)—u(k,f)|du(k,f), ueZz"}

v

> ((1-¢)/2)infy | |Su(k, f)—ulk, Nldv(k, f), ue #*"(X,R); .
X

With ¢ — 0 we arrive at
erc(Sy, X) > te(8,, X, v). O

Thus, we have reduced the problem of Monte Carlo methods to an average-
case problem with deterministic methods of fixed cardinality. Moreover, to
prove lower bounds, we can specify the functional u to be ¢ = J;, for some
fixed sg e I"™.

In fact we shall prove the lower bound for all such Jd;,. We can assume with-
out loss of generality that 1/2 <sg; < 1, where s9 = (So1, --- , Som) (Otherwise
we modify the subsequent constructions in an obvious way). The following
lemma makes it easier to handle the error. Let A denote the integration func-
tional on C(I™ x I™), that is,

(k,/l):/ k(s,t)dsdt, ke CUI™xI™).
]m [m

Let 0 = %min(a, y). Then 6, as a constant function, belongs to 7" («, y),
and Typf =0 [, f(t)dt is a constant function for every function f. Put

Il=[09 %]XIm_l’ Jl=[%91]><[m_1
and define
B ={keCI"xI"), |kl,<8, supp(k) C I} x J;}.

Observe that for k € & we have 0 +k € Z"(a, ), T} =0, and k(so, #) =0
forall telI™.

Lemma 2. Let B,y, and o = d;, be fixed as above. For all k;, k, € & we
have
1Se(0 + k1, B) — Ss(60 + ka, B)| = BO|(k1 — k2, A)].
Proof. Let k € . Since T2 =0 and TpT B = BO(k, A), we easily verify the
equation
(Id =Tk )(Id+Ty) B = (1d -Tp(1d +T%)) B
=p(1-0-0(k,4)).
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Since 1 — 6 — 6(k, 1) cannot vanish, we see that
1
- -1g_-___ -
(Id-Ty)~' B 1—9—9(k,/1)(1d+Tk)ﬂ'

Exploiting, moreover, k(sp, t) =0, t € I, we see that
B
1-6-0(k,A)"
Given kernels &, k, € &, we conclude

S50+ 1, 8) = 546+ Ko, B)
_ BItk, — ks, )
=000k, M1 -0 -0k, ) = P00 e Al 0

Lemma 3. There is a constant C; > 0 such that for all n,q € N with q > 2n
and all choices of kernels ky , ..., k, € & with mutually disjoint supports there
is a discrete measure v on X such that

em(Sy, X, v) > Ci(qg—2m"* min [(k;, 1)|.
1<i<q

So(0+k, B) =

Proof. Let (&;)%_, be asequence of independent {+1, —1}-valued random vari-
ables on some probability space [Q, p] satisfying

(i.e., they are Bernoulli). Define a mapping y: Q — X by

q
w(w) = (0 +3 ek, ﬂ) .
i=1

That this is indeed a mapping into X follows from the definition of 6 and
the assumptions on the k;. Let v be the image measure p-y~! induced on
X by y. Now we take any u € .#%"(X, R) and represent it as u = ¢+ N,
Nes2(X,R™), p e D(N,R),

N = (6(51,11)’ cre 5(31,11) > 651+1 s 552,,)'

Let AcC{l,..., q} be the set of those i for which the support of k; contains
at least one of the pairs (sy, t;), ..., (5, #;). By assumption, the supports of
the k; are disjoint, which implies card(4) < 2n. Let B = {1,...,q}\4.
Then card(B) > q — 2n and
ki(Sj,tj)=0 (iEB,j=1,...,l).

Let us denote

gil(w) =0+ &0k, (weQ),

i€4
gz(w) = Z Ej((l))k,' (a) (S Q) .
i€B

Thus, we have y(w) = (g1(w)+ & (w), B) forall w € Q. Observe that g+ &
and g; — g have the same distribution and that, by construction,

N(g1(w) + &(w), B) = N(g1(0) - &2(w), B),  weQ.
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Now we get
[ 150k, 1) = utte, )1, 5)
- / 1S0(1(@) + £:(@), B) - p(N(£1(@) + £2(), B)|dp(®)
=5 Z / 1Se(81(w) + 182(w), B) — ¢(N(&1(w) + 182(w), B))ldp(w)

T=%*1

> 5/ 1S5 (81(@) + &2(w), B) = So(81(w) — &2(w) , B)ldp(w)
Q

> e(@) ki, A)l dp(®)

i€EB

(6) Zﬂﬁ/gl(gz( Mldp(w) = ﬂe/

1/2
. 2 _ 1/2 mi .
(7 =G (iGZB(kz s A) ) > Ci(q - 2n) lréll.lgql(kz, Al
where we used Lemma 2 to derive (6) and Khintchine’s inequality with constant
K, (see [13, Chapter IV, §5]) to derive (7) with C, = f6K,. O

It remains to produce suitable sets of k;’s. Let ¢ € C*°(R), supp(p) C
(0, 1), and fol 9 #0. Let / € N and define

SJ={(1,...,im), 051 <I-1, 0<i,<2]-1, p=2,...,m},
and

A={Uts s Jm), < <21-1, 0<j,<2l-1, p=2,..., m}.
For (i,j)e Ax 4, i=(1,...50m), i=U1s--.5Jm),and (s, ) e " x ™,
S=(S15.-es8m), L=(t1,-..,tm), set

m m
k55, 1) = H (2sp —ip) [] 0211, — Jp).-
= p:]

It is easily seen that there are constants C,, C3 > 0 (independent of /) such
that for (i, j) € 5 x 4 we have

(8) (k5> M) > Col=2m
and
9 Ik 5l < Gal".
Finally, let
fcl

(10) k(li,j) =) (x H

” (i,)) ”l‘
Since

m . +1 m . . +1
supp(kf; ;) H( l” ) x (%, 1’-’5[—-> )

= p:]
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it follows that k. . € % and that they are of mutually disjoint support. More-

((H))
over,
C2 —r—2m s .
R R O A

Note also that
card(F x &) = 4m-1Pm

We can accomplish the proof of the lower bound as follows. For each n € N
let /, be the unique natural number satisfying
4m=1pm > an > 4m (1, — 1)

Then [, < (2@=m/m 4 1)n!/2m)  Moreover, setting g, = 4™~ 12" we get
gn — 2n > g,/2. Now we apply Lemma 3 to ¢ = g, and to the set {k
(i,)) € A, x 4,}. Combined with Lemma 1 this yields
Cl an\2 Cy ,_ 2
mc 4n r—2m
5., )25 (5)  ah
= om= 5/2C1C2C3 lln r—m > C4n—r/(2m)—l/2’

(i,))°

which finishes the proof of the lower bound.

4. THE UPPER BOUND— VARIANCE REDUCTION FOR LIPSCHITZ ESTIMATORS

Stochastic methods to solve Fredholm equations of the second kind are well
known and used frequently (see [7, 9, 8]). All known methods yield the typical
Monte Carlo rate M~!/2 (for M trials), but do not respect the smoothness of
the kernel and the right-hand side, respectively.

For the integration problem, among various techniques for variance reduc-
tion, the method of “separation of the main part” can be used to include smooth-
ness properties of the integrand (see [7, 8]). This section provides an application
of these ideas to Fredholm equations of the second kind, more generally, to nu-
merical problems which allow estimators satisfying some Lipschitz condition.

Precisely, let us introduce the following notion.

Definition 1. Let (Y, d) be a metric space and & = (& ),cy be a family of (real-
valued) square integrable random variables on a probability space [Q, F , P].
The family ¢ is said to be Lipschitz (in mean) if there is a constant C > 0
such that
(Bl —& D)2 < Cd(x,y).

(The smallest constant C satisfying the above estimate is called the Lipschitz
constant.)

Conditions of this type are well known in the theory of stochastic processes
and are related to the path continuity (see [14, §35.3]). The following lemma is
an immediate consequence of the definition and contains the main idea of the
variance-reduction technique.

Lemma 4. Let (Y, d) be a metric space and & = (&;)xcy be Lipschitz with
constant C. Then we have

1. T(x):=E,, x €Y, is Lipschitz with constant C on Y .
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2. For M € N and independent copies & of &, 1 < j < M, define
1 &,
Cu(x) = HZc;, xevY.
j=1

Then we have

(11) (E|T(x) = [T() + Car(x) — D)2 < %d(x, »), x,yev.

Proof. Since &, is square integrable, the expectation E&, exists. Moreover, we
have

IT(x) = T()| = [E& — E&| <ElEx —&| < (BGx — &) /2 < Cd(x, p).

To prove (11), we use standard properties of the variance of the sum of inde-
pendent mean zero randem variables 7(x) — & :

E|T(x) = [T(¥) + {u(x) = WP

M
SB[ 2 I(T(x) = &) = (T() - &)

=1

1 Mj
37 L EIE &)~ (T) - TP

J=1

< HEléx_éylz < Hdz(x,y), x,yeY. O

The Monte Carlo method suggested by the above lemma can be described as
follows. Suppose we are given a Monte Carlo method P on .#(Y,R) for a
solution operator S'. This method gives rise to a family & of random variables
on [#(Y,R), % (Y,R), P] defined by

(12) E(u) = u(x), xeY, ue #(Y,R).

Further, if P is unbiased for S, that means,

S(x)=T(x):=E& = u(x)dP(u), xeY,
A (Y ,R)
then we can apply the above lemma. Given x € Y, we choose a good approx-
imation y to x for which T(y) can be computed exactly. Knowing T'(y),
we can improve the approximation by averaging independent trials with Monte
Carlo method P, each realization of which is applied both to x and y. This
procedure is working whenever the family (,)xcy of random variables defined
by (12) is Lipschitz in mean on an appropriate space (Y, d).

The Monte Carlo methods, applied to solve Fredholm equations of the second
kind, are normally based on the use of absorbing Markov chains (see [7, 8,
9]). For our purposes it can be seen that the Markov chain we shall employ
has a very simple description. Let A € R™\I™ be any element, the so-called
absorbing state. Let D := I U{A} be the state space, equipped with the Borel
o-algebra 2. Given 0 < p < 1 and the (initial) distribution x4 on I™, we
introduce the distribution of a random sequence (X;)$°, with values in [D, Z]
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as probability P on [Q, ] with Q = DN and ¥ = @N. This is done by
giving the transition probabilities. For n € N, x € I, and A the Lebesgue
measure on /" let

P(X| € 4) = u(4),
P(Xpp1 € AX,=x)=p-A(A), ACI™ Ae€D, n>1,

and
P(Xp =AXy=x)=1-p.

Further,

P(Xpp1 =AlX,=4A)=1, n>1,
meaning that A is absorbing. In the notation of stochastic processes, (X;)$2,
is a stationary Markov chain with absorbing state A and transition densities
p(x,y) =p. The Markov chain on [D, &1 thus introduced can be completely
described by p and the (initial) distribution x. The lifetime 7 of such a
Markov chain (X;)2, is defined to be 7((X;)2) := min{k, X = A} -1 if
there is a k with X; = A, and 7((X;){2;) = oo otherwise. It will be seen
from Proposition 1 below that 7 is finite with probability 1. The Monte Carlo
method will be defined using this Markov chain.

Given reN, a, f,7,and X = X[ gy a8 above, we introduce for technical

reasons another space X,. To this end, fix 7 with » < 7 < 1 and B with
B < B <. Put
Xo:=Xo(B,7)={(k, f), ke CUI™ xI™) with |k[o <7,
fe ™) with || flo < B},

equipped with the metric d((k, 1), (k, g)) := |k — hllo+ |/ — gllo - The space
Xo contains X as a subset, and S, can be extended to X, in a natural way,
since the defining equation (2) for S, also applies to (k, /) € Xo. We shall
use the same notation .S, for the extended operator.

First we introduce and analyze the standarc Monte Carlo method, based on
this Markov chain (compare [7, 9]). This will be done for elements of X, . For
this purpose we will specify p and the initial distribution x. Suppose we are
going to approximate S, for some u € C’(I"™). Since S, is linear in x4, and
since each u can be decomposed into its positive and its negative part, it is
easy to see that it is enough to find Monte Carlo methods based on probabilities
1 on I"™ . So, given a probability uy on I, we want to approximate S,, . We
choose the Markov chain (X;)$°, with initial distribution y and transition
density p with < p < 1, fixed from now on. The distribution of this chain is
denoted by Py. For each (k, f) € Xy we define a random variable ¢ on the
probability space [Q, ¥ , Py] in the following way:

( (1—17)f(X1) if 7((X)2,) =1,

1 -1
(13)  S((XD)Zy, k, f) =4 (T_—p)p_r_'l_(nk(Xi,XiH)) S(Xe)

i=1
if 1 < 7((X;)2)) < oo,
L 0 otherwise.

The following proposition contains all technical details needed below.
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Proposition 1. There holds
L Et(X)2) = 555

2. BE((X)2y, k, f) Sk, f), (k, [) € Xo;
3. The family (&, 1))k, f)ex, of random variables on [Q,F , Py], defined

by
Cie, H((XD)R)) :=8((X)Ry, Kk, f), (k, f)eXo,

is Lipschitz with constant

2 V28
. a——rx?——ﬂm{lﬁ}

Proof. The calculus needed to prove the assertions is standard and explained in
[9, Lemma 1.1.1]. Let us recall the following relation, exploited several times
below. For convenience, let us introduce the following function:

1, (X)) =n,
Ximy(7) = { 0 elsewhere.

If F:[DN, ZN] >R is a measurable function and F,: (I")" — R defined by

F,(xi,...,xn)=F(x1,...,%Xn,A, A, ...) is bounded, then we have
E(F((X)Z1) - xmy (7))
(14) / /F(xl,..., Xn)p" Y1 = p)dxy - -dxuuo(dxy).
numes

Using (14), we obtain
(e o) (e o) 1
Be(X0F=) = X nBion(0) = Xom"™ (1= p) = 75

n=1 n=1

which proves 1.
Further,

Eé((Xl);):l > k9 f ZE (X i=1> k f)X{n}( ))
n=1

:/f(xl).u'O(dxl)
+Z/ /(H k(x,, Xit1) ) Sf(xn)dxy---dxauo(dxy)

n= 2‘,_./

=Z (T¢™'f, o)
=<(Id Tk) lfa.u'0>=S#o(kaf)a (k’f)eX09

proving 2.
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It remains to prove 3. First observe that &((X;)®,, k, f) is linear in f, so
that we can conclude

S((X)Zy, k, f) —c((X)Zy, ks 8)
= (X2, b, f— &) +E((XD)2y, bk, ) = E((X)Zys by f),

and it is sufficient to show that &((X;)2,, k, f) is Lipschitz with constant Cs
in the second and first arguments, separately. An application of (14) shows

Elé(( l)l 1> h, f g)'2 Z T}:IZ/; :u0>

= 11 (Id=Tp2p) "1 (f = 8)*, tto)

1
||(Id Th2yp)~ Yewm—camllf — &lis-

Since ||h%/pllo < 7%/p, we obtain

(EE((X)Zs by f = )2 < I/ —&llo-

____pr
(p—9)(1-p)
The estimate with respect to the kernel is

EE(XD2y, b, ) =&((XDE s by 1P

[eo)

= STE(EXDE, k., ) = E(XD)R2s by LI 2y (D)
n=1

= l—p)p" 1/ /(H k(xi, Xip1) = Hh(xz,xzﬂ )

n

2

n-i tlmCS

P 5n) - dx dpo(x)
f 2 o 1 n—1 -
as) < '1'_”32(1;) (n = 17k — A7)

_ IS 1lk = A3 72\"!
- lo—p)zoz( 1)2( )
I/ 1131k — RII3 (72/p)(1 + 7*/p)

1-p)2  (1-52/p)?

_ IS 181k — Al p(o +72) 2pB?
05 =7 < T=pw=rk i

The derivation of (15) uses the easily verified relation

Ha, Hb

i=1 i=1

(16) =

n—1

< n(max(la,l |bi |)> max lai — bi|.
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For the value of the sum that gave (16) see [4, 5.2.25]. Hence,
(EIE((XDR1 s ks )= E(XDRy, by &)
< (BR((XDRy sk, f) = E((XDR,, hy LIP)Y?
+ (EIE((X)Ry, b, [ -8

2 32
s\/(———”f"——guk—huw P =gl

1-p)p—7?) (1-p)p-7?)

P V28 ~
NT=pe=» max{l, p__);z} (lk = Allo + 11— &llo) »

which finishes the proof of assertion 3 and of the proposition. 0O

So far, we assembled the facts about the standard Monte Carlo approach.
Next we turn to the deterministic setting before we shall combine both to ob-
tain the final, optimal Monte Carlo method. First recall a known fact from
approximation theory (see, e.g., [5, Chapters 2.2 and 3.1]).

Proposition 2. There exist constants k , Cg, C; > 0, a function q: N — N with
q(l) < x-l, a family ((t,-,l)?ill));’gl of elements in I, and a family of linearly
independent continuous functions (((0,-,1)?51));’21 c C(I™) such that

(17) sup o, illo < oo,
i,
(18) nila[xcard{f' : supp(@; ;) Nsupp(¢; ;) # D} < .

The mappings P;: C(I™) —» C(I™) and Q;: C(I" x I"™) — C(I" x I™), defined
by

q(l)
(19) (PLf)(s) =D f(t:,)9i1(5)
i=1
and
q(l) a(l)
(20) (Qik)(s, 1) = Z Z k(ti st 0)9i,08)9;,(8),
i=1 j=1
satisfy for f € C'(I") and k € C"(I"™ x I™)
(21) ILf = Pifllo < Cl ™™ |1f |I»
and
(22) Ik — Qikllo < C7l~"™||k]|, .
Furthermore, (17) and (18) imply
(23) Slllp ||P1||C(1m)—»cum) < o0
and
(24) 51[1p NO1llcm s imy—camximy < 00

The following fact is well known (see, e,g., [6; 10, Chapter 16]) and expresses
the existence of deterministic methods of a certain approximation rate (in fact,
the optimal rate for the worst-case setting).
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Proposition 3. There exists a constant Cg > 0 such that for all | € N there
isan Ny € A(X,R") and a mapping w;: Ny(X) — CI™) such that with
vy=yoN and Rk, f):=(d-T;)"'f, (k, f) € Xo,
(25) sup gk, f) = Rk, f)llo < Cl=""™.
(k,f)ex
Given (k, f) € X, and using both Proposition 2 and Proposition 3, we can

find (k, g) € Xo near (k, f) such that the solution R(k, g) can be given
exactly. For this purpose, we define

(26) wi(k, f):=(h, &)= (Qk, Ad=Tox)Pui(k, [)).

Lemma 5. There exist Co > 0 and ly € N such that for all 1 > ly the transfor-
mation w; maps X into Xy,

(27) sup d((k, f),wik, f)) < Col™"I™, [>1,
(k,f)ex

and

(28) Su(wi(k, ) = (Pui(k, ), o) -

Proof. Let [; be such that for all k € Z7"(a, )
Ik = hllo < G|kl < Crad™ M <5 —y, 1>,
This yields ||4|lo <§ for [ >/,. For (k, f) € X we have
I/ = Ad=Ty) Pk, f)llo
< I0d=Ti)R(k, £) = Ad=T)R(K, )lo
+|(4=T)R(k, f)~ (1d=Ty) PR (k, £ )lo
+1d-T,)PR(k, ) — Ad=Ty)Pui(k, f)llo
< Cyol™"Im,
Here we made use of (21), (22), (23), and (24), together with the fact that
(Id—T;)~! is uniformly bounded on C’(I™) for k € Z'(a, 7). Now we
choose /, in such a way that for / >/,
If = (1d=Ty) Pk, fllo < B— B,

and put /y = max{/,, ,}. It follows that for / > [y, the transformation w;,
maps X into Xy and (27) holds. The representation (28) is an immediate
consequence of the definitions. O

Let us put for (k, f) € X
(29) ak, f)=Su(wik, f))=(Pulk, f), to)-

We are now in a position to describe the Monte Carlo method providing the
upper estimate in (3). For each / > /[y and M € N we shall define a Monte
Carlo method P, on [#(X,R), Z (X, R)] as the distribution of a random
variable u,, on

M
(DM (@MY, Q) Py
Jj=1
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with values .Z (X, R). So let
oy = (@', ..., 0M) = (X)Z, ..., (XM)2)) e (DN)M

be such that 1 < 7(w/) < oo for j =1,..., M (which holds for almost all
wyr) . Define for (k, f)e X

M
(30)  uwy(k, f) =k, [)+ Z L, k, f) =S, wik, f)).

The components of u,, are defined by (29), Proposition 3, (26), and (13). A
look at these relations shows that u,, “uses” the following information:

Noyw = (Vis Njy Nyi s ooy No).
Here, ¥} € /7 (X, RI%) is defined as
I/}(ki f) (k(ll l> ] 1))1 ,Jj=1

(used for Q/k in the definition of w,(k, f)). The information N, e.#(X, R”)
comes from Proposition 3 (and is used for v;(k, f)). For j=1,..., M, and

= (X/), fixed above, with 1 < 7(w/) < oo, the information operator

Nw, e #F@)(X, R@)) is defined as

f(X1) if (/) =1,

Now(k, ) = { (X, Xipe))P ™Y, f (X)) if T(e0d) > 1.

Hence,
w €A DX R0,

where n(wyr, ) = 12 +q(1)?* + Zj”l (@’). In other words, for each wy, as
above, there is a mapplng Py € P(Ny,, , R) such that u,,, = ¢y, o Ny, . In
order to show that u,, is a random variable, we have to verify that the map-
ping wy — Uy, is [(DN)M |, F (X, R)]-measurable. But this is easily derived
from the structure of u,, . Consequently, the distribution P 5, of u,, isa
probability on [#Z (X, R), # (X, R)], hence a Monte Carlo method. Moreover,

M
MC-card(Py ) < En(wu, 1) = P +a(1)* + Y Ex()
j=1

1
2 2

<I*+q(l) +M—1_p

<Cp(l?+ M), [>1ly, MeN.

Using Proposition 1, we can see that EE((X; ‘,’°1 , w(k, f)) Sy (wik, )=
d(k, f) and that the family (&, 1))k, r)ex, 18 Lipschitz in mean with constant
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Cs . Inequalities (11) in Lemma 4 and (27) in Lemma 5 provide the estimate

18tk £) = utk, £)1dP (a0

g,

Sﬂo(k’ f)

M
{ak £+ z w',k,f)—é(wf,wz(k,f)))} P (wy)
< ( / Sk, £)— {Suo(wz(k,f))
) 1/2
M .
Z(é(w’ k, f) é(w’,wz(k,f)))} AP (wu)

—r/m
SCS’d((k,f)\/,—Mu—)[(k’f))§C5C9’IW, (k,f)EX

We conclude

Cnp
emc(Sﬂ09XsP1,M)S‘/'_ﬁl r/ma 12109 M eN.

Setting M = /%, we conclude
e p(Suy, X) < Cipl™"m=1, 1>y,

from which the upper estimate in (3) follows. The proof of Theorem 1 is
finished. O

5. COMPLEXITY ANALYSIS

Besides the order of approximation for a given class of Monte Carlo methods,
as expressed by the quantity e)'“(S,, X), another function is of interest, the
MC-complexity

& — MC-comp(S,, X, ¢), e>0,
describing the average cost of arithmetic operations needed to approximate S,
with given Monte Carlo error < ¢. We shall follow the outline in [20, p. 417].
Suppose we are given a function

0:| {®(N,R), Nes(X,R"), neN}— R U{+oo}
(the cost function for the algorithms). Let ¢* > 0 be a fixed constant, and
define the cost of a deterministic method u € #Z (X, R) by
cost(u) := inf{c*n+0(¢p), p e ®(N,R), Ne S/ (X,R), neN, u=¢poN}.

Hence, we assume that we have to pay for the information N (where each com-
ponent of N is supposed to cost ¢*) and for the execution of the algorithm
¢, both independent of (k, f) € X. It follows that cost(u) > c*card(u).
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We have to make one further assumption. Suppose we can produce a concrete
“program” which uses the arithmetic operations +, —, %, / and which com-
putes ¢ € ®(N,R). To be more precise, suppose ¢ can be computed by
a straight-line program as defined in [1, 11.2]. Then 6(p) is assumed to be
bounded from above by the number of steps executed by this program. For
further details on models of computation and the respective cost functions, we
refer to [1, 20]. To define the cost of a Monte Carlo method, it would be appro-
priate to average over the cost of the deterministic methods involved. However,
we cannot guarantee the [# (X, R), % (R)]-measurability. But since cost is
positive, we can define the MC-cost of a Monte Carlo method P via an upper
integral

MC-cost(P) := / cost(u)dP(u),
A (X, R)
as done for the MC-cardinality in §2. The MC-complexity of the problem S,
on the class X of problem elements is defined by

(31) MC-comp(S,, X, €) := inf{MC-cost(P), e"(S,, X, P) < ¢}.

Remark. The given definition of MC-complexity of random methods does not
express how hard it is to realize the random process necessary to find u €
A (X, R). This may be justified if we think of a precomputational process,
which provides realizations of all random variables needed to choose #. In
particular, we assume that we can sample from any given distribution, e.g., uo,
the initial distribution of P, (compare also the remark below).

The above definition (31) of MC-comp(S,, X, &), together with the assump-
tions made on cost, immediately imply

MC-comp(Sy,, X, &) > Ci3inf{MC-card(P), e"(S,, X, P) < ¢}
> Cpinf{n -1, e(S,, X) < ¢},

proving the lower bound in (4).

To prove the upper estimate, we analyze the given algorithm described in
§4. Therefore, we shall briefly outline a verbal description of the stochastic
method defined by (30). While the approximative aspects of this method have
been handled there, we shall see below that all steps can be executed within the
number of operations as claimed in Corollary 1.

First, we have to fix / € N and put M := [2. Next, points (f; 1)?31) in

I a family ((p,-,,);’i[l) of continuous functions, and mappings P,, Q; from

Proposition 2 have to be chosen. Also, M realizations w', ..., @™ of the
Markov chain (X;)°, can be precomputed, resulting in corresponding sample
points.

Now, given (k, f) € X, the following steps have to be performed:

1. Find v;(k, f) according to Proposition 3 in all points (li,l)?gl) . To do
this within the complexity bound, a multilevel method, as, e.g., proposed by
Emelyanov and Ilin [6], is required. Thus, we are able to compute i (k, f) =
(Puik, f), to) . ,

2. Compute &(w’, k, f) and &(w/, h, g), j=1,..., M, where & is the
standard Monte Carlo method defined in (13), and calculate the final approxi-
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mation as
M

ulk, f) = ik, f>+—2 L)k, f) =&, h, g))

according to (30). The computation of &(w’, k, f), j=1,..., M, requires
the evaluation of k£ and f at the sample points. To compute &(w/, h, g), j =
l,..., M, we have to evaluate & := Q/k and g := Pv,(k, ) - T,Pvk, f)
in all points corresponding to w!, ..., oM. (Observe that P,v,(k f) is the
exact solution of the Fredholm equation y(s) = [, A t)ydt+g(s), s €
m)

The considerations below will prove that both steps above can be carried
out. Step 1 is the deterministic part of the algorithm, while Step 2 forms the
stochastic part.

To proceed, we shall count the required arithmetic operations. A look at Step
1 shows that we have to compute i (k, f). By (29) and (19) we have

q(l)
ik, £) = (Pyk, [), uo) = v(ti ){9:,1> to),

i=1
where v stands for v;(k, f). Since yo as well as the functions ¢, ; are known
beforehand, the scalar products (¢; ;, #o) can be precomputed. Moreover, it
is known that there are Cy4 > 0 and v, satisfying Proposition 3, for which the
values v;(k, f)(t.;) (i=1,...,4q(/) can be computed in Cy4/? arithmetic
operations (see again [2, 6, 10]).

We turn to the randomized part, Step 2. It requires the computation of M
realizations of &((X;)2,, k, /) and &((Xi)$2,, wi(k, f)), respectively. Sup-
pose we are given a real1zat10n (xi)52, of (Xi)f2, with length T = 7((x;){2,).
The representation (13) shows that the calculation of &((x;)2,, k, f) needs
no more than 2T arithmetic operations. To evaluate £((x;)%2,, w;(k, f)), we
need to know = Q;k at T —1 points and g = Pk, ) — ToxPvi(k, f)
at another point. The representation (20) shows that the evaluation of Q,k at
T — 1 points requires the values of ¢; ;(s) and ¢; ,(¢) at T~ 1 points. Since
any given point (s, ¢) meets only a constant number of supports (see [18]),
we only have to carry out a constant number of evaluations of ¢; ; at s and
@j ; at t. In concrete cases, the functions ¢; ,(s) and ¢; ;(f) are piecewise
polynomials of fixed degree, the pieces and the supports being sets of simple
structure (see [5]). So it is clear that the evaluation of ¢; ;(s) at one point is
proportional to the degree, independent of /. This implies that the number of
arithmetic operations needed to know @,k at T— 1 points requires arithmetic
operations proportional to T — 1.

The amount of work needed to evaluate g at one point ¢ can be derived
from the representation (26) given above,

a(l) q(l)
Zvl(tz Do) = D k(i st Dt )0 (04051 Pk,1)
i,j,k=1

q(l) q(!)
= Z vt = Y kst 0ot )(@5, 0 @x1) ¢ 0ia(D) -

j k=1
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The terms in braces can be computed once for all ¢. Since ¢; ; are known func-
tions, we can think of (¢; ;, ¢« ;) as being given real numbers. The condition
(18) imposed on ¢; ; shows that the sum over j, k=1, ..., g(/), reduces to
a sum over a number of summands proportional to g(/). Hence, the computa-
tion of the terms in braces for i =1, ..., ¢(/) requires a number of arithmetic
operations proportional to g(/)?. Once this is done, the computation of g at
any given point ¢ requires only a constant number of operations, since the sum
over i =1,...,q(l) above reduces to one of constant length. Summarizing
the arguments given before, and having the representation (30) in mind, we see
that the computation of a realization of u,, (k, f) with lengths T;, ..., T,
respectively, requires a number of arithmetic operations bounded by a multiple
of 124+ M T, +q(I)2 + M, which is proportional to /2 + Y™ T,. Since we
assumed that the algorithmic cost 6 can be estimated in this way, we obtain

MC-cost(P; y) = / cost(u) d Py pr(u)

M
< Cis {12 + Z/ T(wj)dPéu(wM)}
j=172
< Cis{l*+ MEz} < Cis(I* + M).
The choice of M = [?, made to prove the upper estimate in (1), finally yields
MC-comp(S,, , X, &) < Cy7+(1/g)>m/r+m) e>0,

proving Corollary 1.

Remark. Although the model of computation for Monte Carlo methods, intro-
duced above, does not deal with the problem of realizing the random variables
needed in the computational process, some hints seem to be useful. A different,
but from the point of view of numerical simulation more convenient way to
introduce (X;)°, is as follows.

Let (Z;){2, be a sequence of independent random variables, each with uni-
form distribution on [0, 1]. Let 7 be the random natural number, defined as
T =min{i, Z; > p}, i.e,

Pt=n)=p"(1-p), nxl.

Further, let (Y;)?, be independent identically distributed with Py, = 1, where
A is the Lebesgue measure on /™. Putting X| = X; distributed according to
o, and for i > 2

X =

1

Y, ifi<rt,

A ifi>1,
we can easily check that P xne = Py thus providing the possibility of using
a pseudo-random number generator for uniform distributions, readily available
on most computers.

It seems worthwhile to make some remarks on the deterministic case of the
problem under consideration. Define the error of a deterministic method u €

(X ,R) by
e(Sy, X, u) :=sup{|Su(k, /) —uk, )|, (k, f)€ X}



THE MONTE CARLO COMPLEXITY OF FREDHOLM INTEGRAL EQUATIONS 277

and put

en(Su, X) == inf{e(S,, X, u), ue #"(X,R)}.
Then
(32) en™"1@m < sup e, (S,, X) < Cn~1/Em

llell<1

This was proved by Emelyanov and Ilin [6]. To draw the final conclusion, we
see that for the optimal Monte Carlo method, both rates multiply—the standard
Monte Carlo rate for general continuous data, #n~!/2 and the deterministic rate
for r-smooth data, n~"/(2™) _ Statements analogous to (32), and the conclusions
above, hold also for the complexity.
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